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Abstract  The Picard curves are genus three curves with a non trivial automorphism which
have been intensively studied due their connection with interesting number theoretic problems
In  R  Pellikaan obtained an algorithm decoding geometric codes up to b d    cerrors
where d  is the designed distance of the code His algorithm is not completely e	ective but recently
some authors have given an e	ective answer to Pellikaans algorithm using the particular features
of special curves such as the Klein quartic and the hyperelliptic curves
In this paper we show that the Picard curves are suitable to obtain an e	ective answer to Pel
likaans algorithm 
  Introduction and Notations
In   Pellikaan Pel presented an algorithm for decoding algrebraic geometry
codes that requieres the eective construction of an stuple of divisors with some
special properties 
In order to be precise let	s 
x some notations
X K is a non singular absolutely irreducible projective curve of genus g over a 
eld
K
Sl is the set of eective divisors on X with degree l
XK is the set of Krational points on X
JX K is the Jacobian variety of X over K 
D is the class of the divisor D in JX
hgi denotes the intersection divisor of g   with X
If g   and X is not hyperelliptic for any divisor D   S  D  denotes the divisor of
S  such that D   D
D  P  P    Pn   Sn Pi  Pj i  j
 Mathematics Subject Classi cation
Keywords and phrases Error Correcting Codes Picard curves Jacobian Varieties
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G divisor with suppG  suppD   and g     degG  n g  
C  CDG the dual code of CLDG is a n k d code with n  degD
k  n g    degG d  d  degG   g t  bd    c 
sw  Ssw  JXs is the mapping de
ned by F F   Fs  F  F 
F   F  Fs Fs with w  g   if degG is even w  g    otherwise
Applying Skorobogatov and Vladuts basic decoding algorithm SkV a number
of times in parallel Pellikaan Pel shows 
Theorem    Let be q   s    if sw is non surjective and if for some F 
F  Fs   Ssgt  sgt  F  FF  F F  FsFs is not in Imsw  
then exists an algorithm of complexity On in time and On in space  decoding up
to terrors
Pellikaan Pel and Vladuts Vla gave conditions on q and X for the existence
of s    with sw non surjective The problem is to construct eectively the stuple
F 
For g   the eective solution is not trivial and requieres deeper information about
the geometry of the curve X
D  Le Brigand gives an eective answer for a particular hyperelliptic curve as well
as a sucient condition for more general hyperelliptic curves  X  y   y  pmx
 If X is a hyperelliptic curve of genus g de
ned on K  GF q and if exists a rational
and reduced divisor F  PgiRi  g where the coordinates of the points Ri are
in GF qg but don	t belong to any smaller extension of K then the map  g isn	t
surjective see LeB
D  Rotillon and J A  Thiong Ly RoT give an eective solution for the Klein
quartic over F with degG even  X  xy  yz  zx  
Several authors have been studying another special family of curves the Picard
curves due their connection with interesting number theoretical problems such as the
generalization of some Hilbert problems Hol  HolHolHolz Est Est
In this paper we show that the Picard curves may be used to 
nd an eective
answer to Pellikaans algorithm Moreover the sucient conditions on the Picard
curves to give a suitable stuple of divisors are very easy to check and cover the case
degG even as well as the case degG odd
   Some geometric facts about Picard curves
Denition   A Picard curve X K is a genus three curve attached with a non
trivial    Aut
K
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Theorem   If charK    the Picard curve X K is Kbirrationally equivalent










with j aj   K j  i for i  j
In these coordinates  has the expresion x  y  z  x  y  z for  solution of
         A proof of theorem   can be found in Holz
A Picard curve X Fq has a g

 Let	s consider the morphism associated to the g


  X Fq  P 
Fq
 where Fq denotes the algebraic closure of Fq 
If q   mod  in Est  is shown that the restriction of  to X Fq is      onto P Fq 
Fig   Case qj   mod 
If q    mod  the morphism   X Fq  P 
Fq
is a     covering rami
ed exactly at
the point   x  y  z        and at the points Rj x  y  z  j     
for j       All rami
cation points of  are total rami
cation points If Q is
a point dierent to the images of the rami
cation points then Q consists of
three dierent points P P   P  for some point P   X Fq
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Fig  Case qj    mod 
All rami
cation points are inection points of X with inection tangents xjz  
at Rj and z   at  the canonical bitangent Observe that the inection points
Rj are collinear they belong to the line y   and note also that any line passing
through two conjugate points P and P  cuts o X on the remaining conjugate
point  P  and on  
Proposition   If X is a Picard curve and two dierent eective divisors of de
gree three D and D  are equivalent in JX  then the points of suppDj are collinear
for j    
Proof
The canonical class K of the Picard curve X is the class of divisors arising from







basis of abelian dierentials on X see Est 
Two dierent eective divisors of degree three D and D  are equivalent in JX if
and only if lDj the dimension of the linear space LDj is strictly greater than one
for j    
Applying the RiemannRoch theorem to D  Dj degD  genusX   
lD  lK D    
Let	s assume lD    ie LD  K holds then lK  D     hence exists a
degree  eective divisor D   consisting of  collinear points such that D    D 
On the other hand ifK  D thenKD is an eective divisor therefore lKD   
and from   follows lD   
 
EstradaPineiro Decoding of codes on Picard curves 
  Non canonical bitangents on Picard curves
By de
nition a theta characteristic in charK   case is a divisor class 	 such that
	 is the canonical class If x   KnK  is a separating variable the divisor of the exact
non zero dierential dx is of the form D and the class of D is a theta characteristic
and is independent of the selection of x The class of D is called the canonical theta
characteristic
Stohr and Voloch show in StV how to obtain all bitangents l to X from the
HasseWitt matrix
 There is a 
 
linear bijection from the space of regular exact dierentials onto
LD
 There is a canonical bijection between the set of regular logarithmic non zero






 Each non canonical theta characteristic is represented by a positive divisor If the
HasseWitt matrix has rank  genusX it also holds true for the canonical
theta characteristic
 If genusX   and X is non hyperelliptic identifying X with its canonical
curve the set of positive divisors which represent theta characteristics correspond
bijectively to the bitangents of X If H  hi j is the HasseWitt matrix
with respect to the adjoint polynomials   x y the non canonical bitangents are
given by the equations l  c  c x  cy   with cj satisfying the conditionsP
i
cihi j  c j  for j      and cj not all simultaneously equal to zero
In Est  the HasseWitt matrix of Picard curves are computed In the case we
are dealing with charK   the HasseWitt matrix H is
H 
 
      
a a 

A for Xh the projective model in    and K  Fq
Hence the non canonical bitangents l on X are

l  c  c x cy   cj    
ac  c  ac  c
 
  c   c
 

 Case a  
lj  a 
j  jx  jay    j     
         	  aa    Fq
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 Case a  
lj  jx y    j     
           a    Fq





a   and yi  jxi
Once we have computed all non canonical bitangents to a Picard curve it is easy
to check that they cut o X on points on XFq  
 Eective sucient conditions for Pellikaan s algorithm
Let X be a non hyperelliptic Picard curve with projective model Xh de
ned over
Fq q  j q   mod  and set
 D PPj  Pj   Pj for all Pj   XFq nXFq Pi  Pj for i  j
 G  mQ for Q  PQj  Qj   Qj Qj running over all points of
XFq Qj  Qi  for j  i m suitably choosen such that g     degG 
degD  g    recall degG  m   q
Then by construction the supports of D and G are disjoint C  CDG the
dual code of CLDG is a n k d code with n  degD  qq     k 
n g    degG  qq     m   q   d  d  m   q  
The code C  CDG is a lifting of the BCH code de
ned by the pair of disjoint
divisors on the projective line D and G compare with the hyperelliptic case in
ReT
  Case degG even ie w  g     
Proposition   Let P   XFq    such that X has a non canonical bitangent at P
Then it is possible to construct a pair F F    S gt   such that the supports of D
and Fi are disjoint for i     and F  F  is not in the image of  
Proof If P   and X has a bitangent at P  then X has also non canonical
bitangents lj at the conjugate points jP for j      Note that lj  lr X  
for j  r mod  Set
Fj  jP   g  t  P  for j    
If HH    S  and H H   F  F  then

H   P 

 H   P 
After the proposition   two divisors of S are equivalent in JX if and only if
they coincide or each consists of three collinear points 
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 If H   P   H   P  then H  P  and H    P  hence P  
 P  ie P is a rami
cation point at which X has a bitangent Hence P 
 a contradiction
 If H P   H P  but

H   P 

 H   P  then from the
collinearity of the points of each divisor follows H  
 Q and H   Q for
Q equal to the remaining intersection point of the bitangent at P with X Since
jP   jQ    it follows

 Q   P 

 Q  P 
 Q   P 
	










If Q  otherwise follows P    from Q   Q we get
Q Q 

 Q  Q  Q

 
hence from Prop   Q is a rami
cation point a contradiction again 
 
 Case degG odd ie w  g	   
Proposition  If px 
P
ajx
j has no roots in FqnFq   then it is possible to
construct a tuple F F  F F   Sgt    such that suppFi suppD   and
F  F   F   F   F  F   Im 
Proof With the above hypothesis on px the rami
cation points Rj are not
contained in suppD for j       Take as before P   XFq   such that X has
a non canonical bitangent at P and set
F  g  t

F   R  g  t
   
F  R  R  g  t
  
F  R  R  P   
 P   g  t  
Then suppFj  suppD   for j       We are going to use the following
fact
Lemma  Let be HH HH   S   such that H H  
R  R   R    H H   R  R   R   Then  there are only ve
possibilities for H H  R  H  R   H  R  R H  R or
H  
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Proof
From the fact H  H  R R   R   follows
H H  R R  R  
 
and from this we have
R R   R H H      g 
for some quadric g
As  y  R  R   R and   supp y    after Bezouts Theorem
 g  yxx holds for some x   K  Hence HH   RPP P
with P  x y   X This lead us essentially to two cases either H or H   consists
of two conjugate points
 H    R  P H  P   P




 R R   R  
 
H  H   R R   R  
 
H   P  R  R   
 
therefore R R   P   P H     q  for some quadric q
If P  then H   R R  hence H  R R 
If P   then q  x  x    so follows H   R  and H  R 
or H  R  
 H  R  P H    P   P
Then H   P and R  R   R H   P  
  but
R  R   R  P   
 R  P   P
Therefore R  P   P 
 H  
If R  P   P  H    then P   hence H     R and
H  R
If R  P  
 P  H   there exists by Prop   a line r such that
 r  R  P   P hence P  R H    and H  
 
If we assume the existence ofHH HH   S  such that H  H  F  F  
R  R   R   and H H   F   F  R  R   R   then by the
lemma  there are only 
ve possibilities for H
If furthermore holds H H  F  F  R  R  P   then exists a
quadric q interpolating X at the divisor H H By repeated use of the Prop
  and the collinearity of the ane rami
cation points Rj for any possible H we
obtain that P   f R R  R Rg a contradiction
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Let	s consider for example the case H R
 q R  R  R   P H    
  On the other hand
R R R   P R  R   P   
 
hence H   
 R  R   P    therefore R H 
 R   P
If R H R   P  then P  R Otherwise by Prop   P  R  
All remaining cases for H may be prooved by similar arguments  
 Numerical examples
The polynomials px  xxx x  and px  x
x  are Fqirreducible
for q  k q   mod  
The Picard curves Xh zy
  zp x z and Xh  zy
  zp x z are de
ned
over Fq non singular and non hyperelliptic
Either if degG is even or odd denoting as P the point at which the curve has a
non canonical bitangent we may take P         for Xh and for Xh we can take
P         
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